Abstract. We introduce an axiomatization of the notion of a semidirect product of locally compact quantum groups and study properties. Our approach is slightly different from the one introduced in the thesis of S. Roy [15] and, unlike the investigations of Roy, we work within the von Neumann algebraic picture. This allows the use of powerful techniques related to crossed products by actions of locally compact quantum groups. In particular we show existence of a "braided comultiplication" on the algebra spanned by slices of "braided multiplicative unitary".
Introduction
This paper is devoted to the study of the notion of a semidirect product of locally compact quantum groups. Before introducing all relevant definitions let us briefly consider the classical case: let G be a locally compact group. It is elementary that G is (isomorphic to) a semidirect product of certain two of its closed subgroups K and H if and only if there exists a continuous homomorphism ̺ : G → G such that ̺ • ̺ = ̺. Indeed, given ̺ we define K = ker ̺ and H = im ̺ and then any element g ∈ G can be expressed as kh, where h = ̺(g) ∈ H and k = gh −1 ∈ K. Since K is a normal subgroup of G, we conclude that G ∼ = K ⋊ H. Equivalently one can say that G has the structure of a semidirect product if and only if there exists a locally compact group H and a pair of continuous homomorphisms ̺ : G −→ H and ı : H −→ G such that ̺ • ı = id H .
(1.1) This last point of view on semidirect products will serve as the basis of our approach to semidirect products of locally compact quantum groups. We will introduce the concept of a locally compact quantum group with projection onto another locally compact quantum group (Definition 3.1). This will generalize existence of maps ̺ and ı as above. In particular, we will show that if G is a locally compact quantum group with projection onto a locally compact quantum group H then H is a closed quantum subgroup of G and also a "quotient" of G. This corresponds exactly to the fact that maps ̺ and ı satisfying (1.1) are surjective and injective respectively.
The approach of this paper to semidirect products of (locally compact) quantum groups is inspired by the thesis of S. Roy ([15] ). However, our approach is based on a different axiomatization of the same concept. Moreover while in [15] the quantum groups under investigation are objects defined by modular multiplicative unitaries and are studied exclusively on the level of C * -algebras, we work with locally compact quantum groups and prefer the von Neumann algebraic framework.
In particular we will often use the ultra-weak topology of a von Neumann algebra. The symbol span w X will denote the ultra-weak closure of the span of a subset X of a von Neumann algebra. Similarly X w will denote the ultra-weak closure of X. The von Neumann algebra tensor product will be denoted by the symbol⊗ , while tensor product of vector spaces, Hilbert spaces and minimal tensor products of C * -algebras will be written as ⊗. The flip map on tensor products (of any of the above mentioned objects) will be denoted by σ. The leg numbering notation, by now a standard in quantum group theory, will be used throughout the paper.
Let us briefly describe the contents of the paper: Section 2 contains basic information and notation pertaining to locally compact quantum groups (Subsection 2.1), the opposite and commutant locally compact quantum groups (Subsection 2.2), crossed products of von Neumann algebras by locally compact quantum group actions (Subsection 2.3). Aside from their applications in later sections, a number of results from Subsection 2.3 are of independent interest. Particularly Proposition 2.9 which shows thats an appropriate form of Podleś condition for actions of quantum groups on C * -algebras ( [14] ) has a von Neumann algebraic analog which, moreover, is always an automatic consequence of a von Neumann algebraic definition of an action.
Section 3 introduces locally compact quantum groups with projection and basic results about these structures. Afterwards, in Section 4 we show among other things that if G is a locally compact quantum group with projection onto H then the von Neumann algebra L ∞ (G) is a crossed product of a certain subalgebra N ⊂ L ∞ (G) by an action of H op . Moreover we identify N as the closure of the set of slices of the "braided multiplicative unitary" (see [15, Section 6] ) and show that ∆ G restricts to a map N → N ⊠ N, where the latter algebra is a certain "twist" of the usual tensor product N⊗ N. The results are illustrated by examples in which both classical and quantum semidirect products are described. For more examples and a much more thorough treatment on the C * -algebra level we refer to [15 [6, 11] ). The von Neumann algebra corresponding to G will be denoted by the symbol L
(G)will be ∆ G . The Hilbert space defined via the GNS construction from the right Haar weight of G will be denoted by L 2 (G). As usual G will denote the dual locally compact quantum group. The Hilbert spaces L 2 ( G) and L 2 (G) can (and will) be identified, so in particular,
The modular conjugations related to right Haar measures of G and G will be denoted by J and J respectively. The antiunitary operator J enters the formula for the unitary antipode R of G. More precisely we have
The Kac-Takesaki operator (i.e. the right regular representation) of G will be denoted by
The opposite and commutant quantum group. In this subsection we will recall some material covered in [7, Section 4] . Given a locally compact quantum group G one can define two more associated quantum groups. The first one is the opposite quantum group
It is easy to see that the Hilbert spaces corresponding to G op and G ′ can be naturally identified. Similarly one can define G op and G ′ . It turns out that
(see [7] for details).
(G) defined as Φ(y) = J Jy JJ. When appropriately restricted, Φ provides an isomorphism of quantum groups between G op and G ′ and between G op and G ′ ( [7, 4] ).
2.3. Crossed products. Let G be a locally compact quantum group. Let N be a von Neumann algebra and let α :
The crossed product admits a distinguished action of G op called the dual action. This action, denoted by α :
To simplify notation let us temporarily denote the crossed product N ⋊ α G by the symbol M. Thus we have an action α of G op on M. Moreover if we put
To see (2.1) we compute:
23
. The structure (M, α, X) determines N and α. More precisely we have the following consequence of (a special case of) [ 
. Denote by N the fixed point subalgebra of M:
is an action of G on N and there exists an isomorphism Ψ :
1 is a quantum group version of Landstad's theorem for classical covariant systems ( [8] ). We will use a modified version of this proposition in which the commutant and opposite quantum groups of a locally compact quantum group H will be identified via the isomorphism Φ of Subsection 2.2.
Corollary 2.2. Let M be a von Neumann algebra and let
and denote by N the fixed point subalgebra of M:
Then α is an action of H op and M is isomorphic to N ⋊ α H op in such a way that β is identified with the dual action of
The next proposition giving a simplified picture of crossed products by quantum group actions seems to be well known, but we were unable to find it stated explicitly in the literature (see Remark 2.4). Using it we will prove a result which will be of importance in Section 4. 
Proof. Denote the right hand side of (2.2) by X and let
Note that A 0 is ultra-weakly dense in X. Now take y ∈ N and ξ, η ∈ L 2 (G). Let us compute the following product
e i e i after α(y) on the right hand side of the above expression we obtain
It follows from this that the * -algebra generated by A 0 is contained in X. Let A be the weak closure of A 0 . Then A is a von Neumann algebra contained in X. [16, Page 191] ). However, we cannot use them in any way to prove Proposition 2.3 because the C * -algebraic notion of an action α of a locally compact quantum group G on a C * -algebra A demands that elements of the form α(y)(1 ⊗ x) with y ∈ A and x ∈ C 0 (G) lie in A ⊗ C 0 (G). This is a condition on α which we do not assume.
Let α be an action of a locally compact quantum group G on a von Neumann algebra N. An appropriate modification of [23, Proposition 1.20] 
We may apply Proposition 2.3 to the crossed product of
Taking slices of the right legs of both sides of (2.3) with normal functionals we immediately find that
On the other hand, the right hand side of (2.4) is contained in N, because
. We can summarize these considerations in the next proposition.
Proposition 2.5. Let G be a locally compact quantum group acting on a von Neumann algebra
The next proposition and Corollary 2.7 will be useful tools in section 4.
Proposition 2.6. Let G be a locally compact quantum group acting on a von Neumann algebra
Proof. Applying all ω ∈ B L 2 (G) * to the right legs of both sides of (2.5) and using Proposition 2.5 we see that
, so the right hand side of (2.6) is contained in N.
By applying Proposition 2.5 to the special case N = N we obtain the next result which says that all von Neumann algebraic actions of locally compact quantum groups on von Neumann algebras satisfy an analog of a weakened form of Podleś condition.
Corollary 2.7. Let G be a locally compact quantum group acting on a von Neumann algebra
If one additionally assumes in Proposition 2.6 an appropriate form of "invariance" of the subset N we get a stronger result: Corollary 2.8. In the situation from Proposition 2.6, if N is a subspace of N such that
then N is ultra-weakly dense in N.
Proof. We know that
However, by (2.7) the right hand side is contained in N w , which is contained in N.
Finally, as an application of Corollary 2.7 let us argue that for actions of locally compact quantum groups on von Neumann algebra level an appropriate form of Podleś condition is automatically satisfied:
Proposition 2.9. Let G be a locally compact quantum group acting on a von Neumann algebra 
By taking adjoints all elements of (2.8), applying the flip σ, conjugating with J ⊗ J and taking adjoints again we obtain
where
Now it is enough to repeat the proof of the first part of [2, Proposition 5.8] in our context: using in the first step Corollary 2.7, (2.9) in the ninth and Corollary 2.7 again in the tenth, we obtain span
2.4. Homomorphisms of quantum groups. We will follow [12] and say that given two locally compact quantum groups H and G, a homomorphism from H to G is described by a bicharacter
There is a bijection between bicharacters from H to G and right quantum homomorphisms from H to G which are elements ρ ∈ Mor C 0 (G),
Given a bicharacter V as above the corresponding right quantum homomorphism ρ is defined by
Clearly ρ extends to a normal unital * -homomorphism
and formulas (2.10) still hold with all maps appropriately extended. We will call such a map ρ a W * -right quantum homomorphism from H to G.
Repeating the steps of [12, Proof of theorem 5.3] we obtain the following proposition:
It follows from Proposition 2.10 that W * -right quantum homomorphisms from H to G are in bijection with right quantum homomorphisms from H to G and, consequently, also with bicharacters from H to G.
Quantum groups with projection
and
Example 3.2. Let G and H be locally compact groups and let ̺ : G → H and ı : H → G be continuous homomorphisms such that
3) As mentioned in the introduction, this means that G is isomorphic to a semidirect product of H and K = ker ̺. Let π be the unital normal * -homomorphism
* -right quantum homomorphism associated to the homomorphism ı:
It is easy to verify that (3.1) and (3.2) are satisfied. Clearly, it follows from (3.3) ̺ is surjective and ı is injective. Thus ı(H) is a closed subgroup of G and H itself is a quotient of G. The latter fact is reflected in injectivity of π.
As explained above, in the classical situation described in Example 3.2, the maps ̺ and ı satisfying (3.3) are surjective and injective respectively. The same phenomenon can be seen on the level of quantum groups. This is the content of Proposition 3.3 and Theorem 3.4 below. Proposition 3.3. Let G and H be locally compact quantum groups. Assume further that G is a quantum group with projection onto H with corresponding maps π and ϑ. Then π is injective.
Let W H be the Kac-Takesaki operator for H and let J H and J H be the modular conjugations for the right Haar weights of H and H respectively. Conjugating both sides of (3.4) by (J H ⊗ J H ) and using centrality of p we obtain
Conjugating both sides of this inequality by W H we obtain
Thus ∆ H (p) = p ⊗ 1. Since the action of H on itself is ergodic, we conclude that p ∈ C1 (cf. [12, Theorem 2.1]). The case p = 1 contradicts unitality of π, so p must be the zero projection and consequently ker π = {0}.
We continue investigating the situation when G is a locally compact quantum group with a projection onto H with associated maps π and ϑ. Since π is injective, we can identify L ∞ (H) with its image inside L ∞ (G). Now let U ∈ M C 0 ( G) ⊗ C 0 (H) be the bicharacter corresponding to the W * -right quantum homomorphism ϑ. As U implements ϑ (cf. Subsection 2.4) we have
. On the other hand, once we regard π as identity, formula (3.2) implies that ϑ = ∆ H , so that [19, 20, 12] ). In the next theorem we will use this notion. Proof. All relevant algebras and operators act on the Hilbert space L 2 (G) or its tensor products. Let us therefore use a shorthand H for this Hilbert space.
Theorem 3.4. Let G and H be locally compact quantum groups and assume that
Ad (1) . We have established before the statement of the theorem that U ∈ B(H ⊗ H ) is a manageable multiplicative unitary, so there is a quantum group K corresponding to U . Since U ∈ M K (H ) ⊗ C 0 (H) and at the same time U ∈ M K (H ) ⊗ C 0 (K) generates C 0 (K) (by [26, Theorem 1.6] applied to U ), the identity map on C 0 (K) viewed as a mapping C 0 (K) → B(H ) is a morphism from C 0 (K) to C 0 (H). This means that
Recall now that U implements the right quantum homomorphism ϑ which is ∆ H (cf. remarks before statement of the theorem). Now ∆ H satisfies the cancellation laws. In particular
or, in other words,
Let us slice both sides of (3.7) with functionals ω ∈ B(H ) * on the left leg. The norm-closed linear span of the left hand side will be
since C 0 (H) acts non-degenerately on H . Let us examine the slices of the right hand side of (3.7). For a, a ′ ∈ C 0 (H) and ω ∈ B(H ) * we have
Taking for ω a vector functional ω = ω ξ,η gives
and such elements span a dense subspace of C 0 (K), again, because C 0 (H) is a non-degenerate C * -subalgebra of B(H ). It follows that the closed linear span of the slices of the right hand side of (3.7) is C 0 (K) C 0 (H) and equating this to the closed linear span of slices of the left hand side of (3.7) yields
Combining (3.6) and (3.8) we obtain C 0 (K) = C 0 (H). The remaining part of statement (1) follows from [3, Theorem 3.6]. Ad (2) . We have already established that U is a manageable multiplicative unitary. By (1) the quantum group defined by U ([19, Definition 3]) coincides with H (note that the right quantum homomorphism ϑ = ∆ H is implemented by U ).
The bicharacter U belongs to
Finally we recall that U is a bicharacter, so in particular
But also U is a manageable multiplicative unitary giving rise to the quantum group H, so the comultiplication on H satisfies Remark 3.6. If G is a locally compact quantum group with projection onto H defined by (ϑ, π) then it is not difficult to show that G is a locally compact quantum group with projection onto H with corresponding right quantum homomorphism
and a normal unital * -homomorphism
intertwining comultiplications means that H is a closed quantum subgroup of G in the sense of Vaes. In particular it is a closed quantum subgroup in the sense of Woronowicz and there exists a corresponding right quantum homomorphism ϑ :
where U is defined as σ(U * ). It follows that ϑ
A similar result is also contained in [15, Remarks after Definition 3.35].
Example 3.7. Let us take for G one of the quantum "az + b" groups introduced in [29, 17] . The construction begins with a choice of a (not completely arbitrary) complex number q and a corresponding to it multiplicative subgroup Γ q of C \ {0} with a non-degenerate symmetric bicharacter χ : Γ q × Γ q → T. Then C 0 (G) turns out to be isomorphic to C 0 (Γ q ∪ {0}) ⋊ Γ q , where the action is by multiplication of complex numbers. We denote by a the "generator" of this action, i.e. the normal element affiliated with C 0 (G) ([27, Definition 1.1]) such that for each γ ∈ Γ q the corresponding unitary in M C 0 (G) implementing the action of γ on C 0 (Γ q ∪ {0}) is χ(a, γ). Then we let b denote the image in C 0 (G) of the element affiliated with C 0 (Γ q ∪{0}) given by the identity function. Then a and b are normal elements affiliated with C 0 (G) and ab = q 2 ba and ab
in an appropriate sense. Moreover a −1 is also affiliated with C 0 (G) and C 0 (G) is generated by a, a −1 and b in the sense of [28, Definition 3.1].
The comultiplication ∆ G is given on generators by
where+ denotes the closure of a sum of unbounded operators. The locally compact group Γ q is a closed (quantum) subgroup of G and the corresponding right quantum homomorphism is
with a in the second tensor factor considered as an element affiliated with C 0 (Γ q ). Moreover C 0 (Γ q ) is also a subalgebra of M C 0 (G) via
which can be easily seen to intertwine the appropriate comultiplication. All the structure described above has an extension to von Neumann algebras L 
Emergence of braided quantum group structure
Let G and H be locally compact quantum groups and assume G is a quantum group with projection onto H with corresponding maps π :
For any x ∈ N we have (cf. (2.10))
Consider again the bicharacter U corresponding to the W * -right quantum homomorphisms ϑ. 
Example 4.2. Let G and H be locally compact groups with maps ̺ : G → H and ı :
Recall that we are by now identifying L 
Just as ϑ, the map ϑ L is injective (it is implemented by a unitary). We will use this map in the next definition. The terminology "braided tensor product" is not the only possibility. The paper [13] dealing with analogous objects on C * -algebra level calls them "twisted tensor products". In [25] the term "crossed product" is used. Our terminology is related to the notion of a braided group [10, 25] , but we will not attempt to develop here the full theory of such braided tensor products of von Neumann algebras. The important feature of N ⊠ N is that it is defined as the algebra generated by two copies of N, namely N ⊗ 1 and ϑ L (N), which do not necessarily commute (as they would in a regular tensor product). This is analogous to the more precise C * -algebraic notions discussed in e.g. [9, 10] in the purely algebraic context and in [25, 13] in the C * -algebraic context. Our aim in the remainder of this section is to show that N carries a natural comultiplication with values not in N⊗ N, but in N ⊠ N. We begin with the discussion of this phenomenon in the classical case.
Example 4.4. Let, as in Example 3.2, G and H be locally compact groups with continuous homomorphisms ̺ : G → H and ı : H → G such that
(G) ϑ(x) = x ⊗ 1 consists of functions on G which are constant on left cosets of H in G (since ı is injective we regard H as a subgroup of G). This algebra is isomorphic to the algebra of functions on K = ker ̺.
As G is isomorphic to K ⋊ H, we can write any element g ∈ G uniquely as a product g = kh (cf. Section 1). Using this we can define a map Λ :
One easily finds that this map is an isomorphism onto its image. Moreover
Moreover, Λ has another crucial property. Recall that N is isomorphic to L ∞ (K), so it carries its own comultiplication ∆ K . It is easily checked that
We will proceed to develop the theory of locally compact quantum groups with projection along the lines suggested in Example 4.4. The crucial point is that in the fully non-commutative setting the map Λ described above does not necessarily exist (the algebra N⊗ N may no longer be isomorphic to N ⊠ N), so that formula (4.2) does not make sense. Nevertheless, as we will see in Theorem 4.7 below, its right hand side continues to define a map N → N ⊠ N.
It turns out that the quantum group G may be described within the framework of extensions (or short exact sequences) of locally compact quantum groups from [23] 
In this case N ⊠ N is isomorphic to N⊗ N and N with comultiplication from L ∞ (G) is an algebra of functions on a quantum group and it gives rise to the "normal subgroup" entering the extension data ( [5] ).
Let, as before, G and H be locally compact quantum groups and let (π, ϑ) define a projection 3a) .
Proof of Proposition 4.5. Applying id ⊗ ω ⊗ id to both sides of (4.3a) with all ω ∈ B L Example 4.8. Let us return to the quantum "az + b" groups mentioned already in Example 3.7. The reduced bicharacter, i.e. the image in M C 0 ( G)⊗C 0 (G) of the multiplicative unitary operator giving rise to G (see [20, Section 4] ) is explicitly given in [29, 17] in the form
where F is a certain special function, a, b are the elements described in Example 3.7 and a, b are analogous elements affiliated with C 0 ( G). This, of course is precisely the decomposition W G = F U discussed above. The algebra N spanned by slices of F is in this case equal to
which is isomorphic to L ∞ (Γ q ∪ {0}) (see Example 3.7). The map ϑ is in this case the (von Neumann algebra extension of the) action of Γ q on G used in [18, Section 3] to select elements of the C * -algebra of function on the quantum homogeneous space G/Γ q .
